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Abstract

This paper introduces a Hybrid FEC/ARQ system that em-
ploys Rate Compatible Punctured Turbo (RCPT) codes to achieve
enhanced throughput performance over a nonstationary Gaussian
channel. The proposed RCPT-ARQ system combines the per-
formance of turbo codes with the frugal use of incremental re-
dundancy inherent in the rate compatible punctured convolutional
(RCPC) codes of Hagenauer. Moreover, this paper introduces the
notion of puncturing the systematic code symbols of a turbo code to
mazimize throughput at signal-to-noise ratios (SNR) of interest.
The resulting system provides both an efficient family of achiev-
able code rates at middle to high SNR, and powerful low rate error
correction capability at low SNR.

1 Introduction

Conventional applications of forward error correction
(FEC) coding usually consist of the selection of fixed rate
coding schemes which are well suited to the channel char-
acteristics and the acceptable error rates for the data to
be transmitted [1]. In some cases, however, a more flexi-
ble scheme may be desirable to accomodate different error
protection requirements, or channels with unknown or time
varying parameters [1]. In such cases, automatic repeat-
request (ARQ) protocols have been successfully employed to
adapt to changes in the transmission medium. In particular,
hybrid FEC/ARQ protocols have been established which ex-
ploit both the predictable performance of FEC codes and the
rate flexibility of ARQ protocols [1], [2]. Hagenauer [2] in-
troduced rate compatible punctured convolutional (RCPC)
codes with such an application in mind.

RCPC codes are constructed from a single rate 1/M con-
volutional code, wherein a family of higher rate codes are
formulated by puncturing successively greater numbers of
code symbols. These codes have practical utility in that
the system requires a single rate 1/M convolutional encoder
and Viterbi decoder. The transmitter and receiver need only
share a puncturing table to determine which code symbols
to transmit at a given time, and the receiver may simply
insert erasures for all code symbols that have not yet been
received. The rate compatibility requirement of these codes
restricts the puncturing rule such that all of the code sym-
bols of a high rate punctured code are used by the lower
rate codes, i.e., the high rate codes are embedded in the
lower rate codes. In this manner, the transmitter need only
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transmit supplemental code symbols to get to the next lowest
rate code. RCPC-ARQ protocols, therefore, fall into the so-
called class of incremental redundancy codes, in that check
digits are incrementally transmitted to adaptively meet the
error performance requirements of the system. These codes
are also appealing from an information theoretic standpoint,
since no received information is discarded (as in other hybrid
FEC/ARQ schemes [1]), especially when used in concert with
Chase’s code combining [3].

Turbo codes, introduced by Berrou, et al. in 1993 [4],
caused a great stir in the coding community and have
prompted a great deal of research. We restrict our attention
to interleaved, parallel concatenated codes (PCC), since they
are directly applicable to the partial transmission scheme to
be proposed in this paper and, in particular, we consider
recursive systematic convolutional (RSC) constituent codes
since they tend to exhibit the best performance [4]. The
turbo encoder considered in this paper consists of the com-
posite of two or more RSC encoders, each separated by a
pseudo-random interleaver of block size N, resulting in a
composite encoder of overall rate 1/M. Transmitted are the
systematic (i.e., information) code symbols of the first en-
coder, and the non-systematic (i.e., parity) code symbols of
all constituent encoders. The receiver provides a soft-output
maximum a posteriori (MAP) decoder corresponding to each
RSC encoder.

Rate compatible turbo codes have been considered to
achieve unequal error protection [5], and the use of turbo
codes in an ARQ protocol has been proposed [6]; however,
this is the first paper known to the authors which considers
rate compatible punctured turbo (RCPT) codes as applied
within a high throughput ARQ strategy. The formulation
of the RCPT codes follows that of the RCPC codes almost
directly; however, there are several notable distinctions. The
most obvious distinction is that the rate 1/M convolutional
encoder is replaced by a rate 1/M turbo encoder and, of
course, the rate 1/M soft decision Viterbi decoder is replaced
with a bank of MAP decoders and the associated iterative de-
coding structure. The more subtle distinction considered in
this paper has to do with the process for selecting the punc-
turing tables corresponding to different transmission rates
of the protocol. For RCPC codes, the puncturing tables
were selected such that each successive transmission of par-
ity symbols yielded the greatest possible increment in the
free distance of the new lower rate code. For RCPT codes,
however, there are other, perhaps more important, criteria.
In particular, the subsets of code symbols that have been
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Figure 1: Data transmission using RCPT codes over the
Gaussian channel.

transmitted at a given stage implicitly determine the num-
ber of MAP decoders that can be employed in the receiver.
Indeed, if non-systematic parity symbols have not been re-
ceived for two or more RSC encoders, iterative decoding is
not possible. It turns out that there are situations where
it is profitable, at high code rates, to puncture some of the
systematic code symbols so that more non-systematic sym-
bols may be sent, and thus utilize more or all of the MAP
decoders resident in the receiver.

In Section 2, we present an overview of the RCPT-ARQ
system, and in Section 3, we conduct an analysis of system
performance. Section 4 contains numerical results and, fi-
nally, in Section 5 can be found the conclusions.

2 FEC/ARQ System Overview

2.1 Channel Assumptions

We assume coherent binary signalling over an additive
white Gaussian channel at a given symbol signal-to-noise
ratio, E;/Ny. We may, therefore, characterize the output
of the channel, at any given time, as y = x + n, where
ze{+1,—1} and n is a zero-mean Gaussian random vari-
able with standard deviation, o = /Ny /2E;. Fig. 1 depicts
the RCPT-ARQ system, where the rate selector determines
which subset of systematic and non-systematic parity sym-
bols to transmit during a given signalling interval.

We, furthermore, assume an errorless, low capacity feed-
back channel over which the receiving system can transmit
positive (ACK) or negative (NAK) acknowledgements.

2.2 RCPT Codes

The binary data source is encoded into blocks in accor-
dance with a low redundancy (N, K) block error detection
code. This encoded data source is input to the RCPT en-
coder which (a) turbo encodes the data sequence and (b)
partitions the resulting code symbols in sub-blocks of (N/P)
symbols, where P is the so-called puncturing period. In
Fig. 2a, an example RCPT encoder is formed from an un-
derlying rate 1/M turbo encoder, consisting of @ rate 1/2
RSC encoders. Note that the composite encoder can, in gen-
eral, be formed by using a fewer number of lower rate RSC
encoders, and that the constituent RSC code rates need not
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Figure 2: Example RCPT-ARQ encoder implementation.

be equal. For example, if M = 4, then one could use ei-
ther three rate 1/2 RSC encoders (@ = 3), or one rate 1/3
and one rate 1/2 RSC encoder (@ = 2). Since the turbo
code is of rate 1/M, there are M P total sub-blocks pro-
duced for potential transmission. It is seen in the figure that
the systematic bits of all but the first encoder are discarded
and that the resulting M parity streams are represented as
matrices with P columns and (N/P) bits per column (each
column is a transmission sub-block). Each parity stream
fills its matrix by row and is transmitted by column (like
a block interleaver)!. Note that tail-bits can be optionally
transmitted for one or more of the constituent encoders, in
which case we use the trellis termination scheme in [7]; alter-
natively, we can avoid the transmission of tail-bits entirely
[8]. The trade-off here is reduced throughput due to tail-bit
transmission (especially severe for short block sizes) versus
degradation in MAP decoder performance and/or increased
delay in iterative decoding. The interleavers, 74, ¢ =2...Q,
are taken to be “S-random” permutations [7], as they tend
to provide superior performance for the short frame sizes
typically used in ARQ protocols. S-random permutations
satisfy a distance condition ensuring that each symbol to be
permuted is a distance S or more from the previous S adja-
cent symbols. Fig. 2b illustrates an example rate 1/2 con-
situent RSC encoder of memory v = 4, and generator matrix

IThe matrices are used to illustrate the puncturing operation and
need not be used in implementation.



(1,95/9a), where the generator polynomials g, and g, have
octal representations (37)octar and (21)ctq1, respectively.

The RCPT puncturing rule amounts to sending collections
of one or more columns of the parity matrices, such that at
least P columns are sent in the initial transmission and no
column is sent twice. The code construction allows for a
family of codes of rates

P

fe=pre-

{=0,1,...,(M—-1)P. (1)
For each value of ¢, we define a binary M x P puncturing
matrix, a(f). If a;;(¢) = 1, then the j column of the "
parity matrix belongs to the sub-code of rate Ry. Therefore,
based on the above restrictions, a(0) must contain P or more
ones, a(¢+ 1) must have ones in the same positions as in a({)
plus an additional one, and, finally, a((M — 1) P) is all ones.

As an example, suppose we construct an RCPT code with
M = 3 and P = 4 formed from two rate 1/2 constituent RSC
encoders. Then, the RCPT code can select any code rate in

the set {1, %, %, %, %, %, %, %, %}, by selecting, respectively,
4,5,...,12 columns from the parity matrices. The set of

puncturing matrices could, for example, take the form

a(0) a(1) a(2) a(8)
1111 1111 1111 1111
0000 0010 0010 1111
0000 0000 1000 1111

Note that, for this example, all four columns of systematic
bits (first row) are sent in the first packet (a(¢ = 0)), the
third column of the first encoder’s non-systematic parity bits
are sent in the second packet (a(¢ = 1)), and the first col-
umn of the second encoder’s non-systematic parity bits are
sent in the third packet (a(¢ = 2)). It is only after this
third packet that the receiver can invoke the iterative de-
coder. In implementation, one need not utilize all possible
code rates. Indeed, for ARQ applications with large chan-
nel variations, an exponential increase in ¢ may be desirable
(e.g., £ =1,2,4,8,...)[2]. It should be clear at this point that
the transmission packet size will, in general, be variable.

2.3 RCPT-ARQ Protocol

We assume, without loss of generality, a selective-repeat
ARQ strategy due to its bandwidth efficiency, noting that
the RCPT-ARQ protocol can be trivially adapted to either
stop-and-wait or go-back-N schemes. Furthermore, we do not
consider the effects of finite memory or unreliable feedback
on the perfomance of the system.

The RCPT-ARQ protocol performs the following steps:

1. Encode K information digits in accordance with the
(N, K) block error detection code.

2. Input the N bit coded information block into the rate
1/M RCPT encoder. Store the resulting M parity
streams at the transmitter, possibly in matrices as de-
picted in Fig. 2a, for potential transmission.

3. Initialize ¢ (e.g., set £ = 1).

a. Parallel decoder structure.
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Figure 3: Decoder implementation.

4. Transmit the columns as indicated by a(¢) that have not
yet been transmitted.

5. Attempt to decode the rate Ry code using the code sym-
bols received thus far, inserting erasures for all those
symbols not yet received. Within the iterative decoding
loop after each iterative update:

(a) Hard quantize the cumulative vector of likelihood
ratios on the information sequence.

(b) Calculate the syndrome of the (N, K) codeword.

(c) If there is an all-zero syndrome, exit the loop, out-
put the K decoded information digits and send an
ACK to the transmitter. Otherwise, continue the
decoding loop until a prescribed maximum num-
ber of iterations, upon which, if the syndrome is
still non-zero, exit the loop and send a NAK to the
transmitter.

6. At the transmitter, if an ACK is received, reset the pro-
tocol and proceed to step 1.

7. Otherwise, if a NAK is received, increment £ to the next
appropriate value and proceed to step 4.

If decoding is not successful after the transmission of all
columns of code symbols (i.e., { = (M —1)P and Ry = 1/M),
then the protocol resets, commencing with step 3. The re-
ceiver, in turn, may optionally reset its receive buffers, or,
ideally, retain the previously received quantities and employ
code combining [3] to merge the data.

Note that steps 5a through 5c¢ can be performed directly
on the received values corresponding to the systematic code
symbols (assuming all N symbols have been received), and
potentially avoid the overhead of the iterative decoding pro-
cess.

2.4 RCPT Decoder

The decoder for the RCPT code is not unlike the decoder

for conventional turbo codes. We use the parallel decoder



structure as depicted in Fig. 3a, which illustrates the itera-
tive decoding process, wherein the outputs of each decoder
feed all other decoders [7]. Of course, if no parity information
has been received corresponding to the ¢! decoding element,
then the ¢*" decoding element will be excluded from the iter-
ative process. The ¢ decoding element is shown in Fig. 3b.
Each decoding element contains a MAP decoder that pro-
duces a soft vector of so-called extrinsic likelihood ratios,
which reflect the incremental contribution of the decoder to
the overall likelihood of the information sequence (in rough
terms: the output likelihood minus the input likelihood).
The extrinsic likelihood vectors output from all other de-
coders at time index k, L;(k), i =1...Q, i # ¢, are summed
and used as input to the ¢** decoding element?. This in-
put vector is first interleaved using the pseudo-random in-
terleaver, m,. In this manner, the likelihoods are ordered
consistently with the parity information of the ¢** encoder.
The permuted likelihood data is used in conjunction with
the received systematic code vector, y40, and non-systematic
code vector(s), yq1,---,¥qj,, to produce a new estimate of
the likelihood ratios of the N information symbols. Note
that y40 is produced by permuting yio; i.e., yq0 = mq [ Y10 |-
By subtracting the input likelihood vector from the dein-
terleaved output likelihood vector, we obtain the extrinsic
likelihood vector3.

The MAP algorithm, in this context, was originally de-
rived by Bahl et al.[9]. We refer the reader to [10] for a
comprehensive treatment on the implementation of the MAP
decoder for use within a turbo decoder. For the simulations
used in this paper, we used a LOG-MAP implementation
which produces log-likelihood ratios for the information se-
quence.

3 Throughtput Analysis

Let a frame denote the binary vector of K digits which are
produced by the decoder. We use primarily average through-
put (Rayv) and also the probability of a frame error (FER) as
the figures of merit for the RCPT-ARQ system. Combining
the rate of the block error detection code and (1), we have?

K P

N Pl (2)

Rav
where £ 4y is the average number of additionally transmitted
columns. We assume that the number of parity bits, N — K,
used in the error detecting code, are sufficient to guarantee
a negligible probability of undetected frame error.

Suppose that an implementation of the RCPT-ARQ pro-
tocol selects puncturing tables via the indices, {1 < ¢ <
coo <l < ... < Lk, and denote Pr(¢;) as the probability
that the FEC decoding attempt at the k*" step results in

2Prior to the first iteration, this vector is initialized to zero (equally
likely).

3Note that in the LOG-MAP implementation of the MAP algorithm,
the extrinsic likelihoods can be calculated directly, rendering the delay
element and subtraction unnecessary.

4If tail-bits are transmitted for one or more of the constituent en-
coders, the average throughput will be reduced accordingly.

errors that are detected by the (IV, K) error detection code.
Then, assuming that the protocol terminates (fails) after K
transmissions, the frame error rate is simply®

FER = Pp(lg). (3)

If we additionally assume that the K decoding attempts
have statistically independent outcomes, we have [2]

K k—1 K
bay = ka (1 7PF(£]C)) HPF(62)+€KHPF(£’L) ) (4)
=0

k=1 =0

where we define Pr({y) = 1.
Given an upper bound on Pg(f), which we denote by
Pyp(ly), the FER can be trivially upper bounded as

FER < PUB(KK), (5)

and the average throughput can be lower bounded by substi-
tuting Pyp(ly) for Pr(fg) in (4) and substituting the result
in (2). While initial results presented in this paper are based
on simulations, it would be desirable to apply transfer func-
tion bounding techniques [11] to obtain Pyp(fx) to aid the
search for optimal puncturing matrices, for a given encoder.

4 Numerical Results

In this section, we present preliminary numerical results of
simulations of the RCPT-ARQ protocol. Plotted in Fig. 4 are
the average rates attained by several variants of the RCPT-
ARQ algorithm. We used a RCPT encoder made up of two
RSC encoders, as depicted in Fig. 2b with P = 8, and show
throughput for two selections of puncturing tables. In the
first case, we use the more conventional RCPC approach of
sending the P columns of systematic code symbols (¢ = 0)
and rely on the error detection code alone at the receiver.
If a retransmission is required, we must decrease the rate to
4/5 (£ = 2) such that two columns of non-systematic parity
symbols may be sent, making an iterative decoding attempt
possible. In the second case, we initially puncture one of the
8 columns of systematic bits and send two columns of non-
systematic bits, yielding a punctured rate of 8/9 (¢ = 1).
The specific puncturing tables used (in octal) are, for case
17

a0 a(2) a(4 a(m a(em)

—_——
377 | |377| |377| |377| |377| |377| |377| |377| |377

000 002 102 112 312 352 353 357 377
000 001 201 221 321 325 365 375 377

a(10) a(12) a(14) a(ie)

)

and, for case 2, we replace a(0) with a(1), where

376
a(l) = | 002
001

For these results, we allowed the protocol to repeat three
additional times and used code combining to merge repeated

5The FER will be reduced if the protocol is allowed to repeat and
code combining is employed.
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Figure 4: Throughput of two RCPT-ARQ codes over the
Gaussian channel. Codes: P =8 M =3, Q = 2, v = 4,
N =1023, K =993, and S = 20.

data. It is immediately seen that by puncturing a small
percentage of the systematic code symbols (case 2), one is
able to sustain higher throughput at the lower signal-to-noise
ratios of interest. These curves are shown as compared to the
capacity (C) and the computational cutoff rate (Ry) for the
discrete additive white Gaussian channel with an average
power constraint, which are given, respectively, by

1 2F,
¢ = 3 log, (1 + N ) and (6)
Ry = 1-log, (1 + e_ES/NO) . (7)

It is clear that the RCPT-ARQ codes exhibit the exceptional
performance of turbo codes at very low SNRs, noting that
the simulated throughput exceeds the cutoff rate for SNR
below 1 (dB) and provides for error free communication at
1 —2 (dB) from Shannon capacity.

In Fig. 5, we compare the RCPT-ARQ system from Fig. 4
(case 2) to the rate-1/3, 64-state RCPC-ARQ system of Ha-
genauer [2]. One notes that the RCPT system outperforms
the RCPC system by as much as 2 (dB). In implementation,
the RCPT system will probably be of greater complexity
and be subject to greater decoding delay, and thus we see a
tradeoff between throughput and complexity/delay.

5 Conclusion

In this paper, we introduced a novel application of turbo
codes to a hybrid FEC/ARQ system. RCPT codes provide
a versatile family of achievable code rates, and may be pro-
cessed with a single encoder and decoder. These codes were
shown to perform near the Shannon limit at low SNR, while
providing excellent throughput when the SNR is high. This
paper also introduced the concept of puncturing the system-
atic code symbols of a turbo code to obtain better perfor-
mance at high code rates. Future research will investigate
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Figure 5: Throughput comparison between RCPT-ARQ and
RCPC-ARQ codes over the Gaussian channel. Codes: P =
8, M =3, Q =2, v =4/6 (RCPT/RCPC), N = 1023,
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the performance of these codes in multipath fading environ-
ments, and throughput maximizing techniques for the selec-
tion of turbo codes and associated puncturing tables.
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