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On the Performance of Hybrid FEC/ARQ
Systems Using Rate Compatible Punctured
Turbo (RCPT) Codes
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Abstract—This paper introduces a hybrid forward-error cor-  transmitter and receiver need only share a puncturing table to
rection/automatic repeat-request (ARQ) system that employs rate determine which code symbols to transmit at a given time, and
tcr?r’(‘;lﬁ’art"bl']‘i p:rrf]gmsgc?g)vc;r(iizlgtgggﬁ;to gggg‘z‘i’:nec”hgan”ncjd the receiver may simply insert erasures for all code symbols that
The grgposped RCPT-ARQ system combinyes the performancé have not yet been repewed. The ratg compatibility requirement
of turbo codes with the frugal use of incremental redundancy ©f these codes restricts the puncturing rule such that all of the
inherent in the rate compatible punctured convolutional codes code symbols of a high rate punctured code are used by the lower
of Hagenauer. Moreover, this paper introduces the notion of rate codes; i.e., the high rate codes are embedded in the lower
puncturing the systematic code symbols of a turbo code to maxi- rate codes. In this manner, the transmitter need only transmit
mize throughput at signal-to-noise ratios (SNR'’s) of interest. The o, jementatode symbols to get to the next lowest rate code.
resulting system prowdes_both an efficient family of achievable RCPC-AR Is. theref falli h —called ¢l f
code rates at middle to high SNR and powerful low-rate error ' Q protocaols, there or.e, allinto the 59 .ca e c_:ass 0
correction capability at low SNR. incremental redundancgodes, in that check digits are incre-

Index Terms—Hybrid FEC/ARQ, turbo codes. ment.ally transmitted to adaptively meet the error perforr_nance

requirements of the system. These codes are also appealing from
an information theoretic standpoint, since no received informa-

|. INTRODUCTION tion is discarded (as in other hybrid FEC/ARQ schemes [1]),

ONVENTIONAL applications of forward-error correc- especially when used i.n concert with Chase’s code combining
Ction (FEC) coding usually consist of the selection 0.[5]. qu a comprehensive overview of hybrid ARQ protocaols,
fixed rate coding schemes that are well suited to the chanif¥f!uding RCPC and code combining, see [3] or [4].
characteristics and the acceptable error rates for the data to b&urbo codes, introduced by Berretial.in 1993 [6], caused
transmitted [1]. In some cases, however, a more flexible schefgreat stir in the coding community and have prompted a great
may be desirable to accommodate different error protectiggal of research. One version of a turbo code consists of a par-
requirements, or channels with unknown or time-varyingllel concatenation of two or more recursive systematic convo-
parameters [1]. In such cases, automatic repeat-request (Af@pnal (RSC) constituent codes, each separated by a pseudo-
protocols have been successfully employed to adapt to chantflom interleaver of block siz¥, resulting in a composite en-
in the transmission medium. In particular, hybrid FEC/ARoder of overall rate /. Transmitted are the systematic (i.e.,
protocols have been established which exploit both the pigformation) code symbols of the first encoder, and the nonsys-
dictable performance of FEC codes and the rate flexibilifgmatic (i.e., parity) code symbols of all constituent encoders.
of ARQ protocols [1]-[4]. Hagenauer [2] introduced rat he receiver provides a soft-input, soft-output (SISO) decoder

compatible punctured convolutional (RCPC) codes with su@grresponding to each RSC encoder and an iterative structure
an application in mind. within which the decoders pass information.

RCPC codes are constructed from a single 1#fef convolu- Rate compatible turbo codes have been considered to achieve
tional code, wherein a family of higher rate codes is formulatathequal error protection (UEP) [7], and the use of turbo codes
by puncturing successively greater numbers of code symbadtsan ARQ protocol was first proposed in mid 1997 [8], in which
These codes have practical utility in that the system requiread@ditional constituent encoders are added to obtain rates lower
single ratel /A convolutional encoder and Viterbi decoder. Théhan that of a conventional turbo encoder; i.e., rates béy

Other papers considered hybrid ARQ protocols with turbo codes
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The formulation of the RCPT codes follows that of the RCPE€ystematic plusX/ — 1) parity streams are each represented
codes almost directly; however, there are several notable distias-a collection of? subblocks. The subblock,, for example,
tions. The most obvious distinction is that the rafd/ convo- contains a fractiori /P of the systematic bits consisting of bit
lutional encoder is replaced by a rat&f turbo encoder and, of 0, bit P, bit 2P, etc. Since the turbo code is of ratéM, there
course, the raté/M soft decision Viterbi decoder is replacedare M P total subblocks produced for potential transmission. If
with a bank of SISO decoders and the associated iterative #es collect all such subblocks and store them in matrix form,
coding structure. The more subtle distinction considered in tras shown in the figure, we obtain & x P matrix, where
paper has to do with the process for selecting the puncturiegch row corresponds to a different systematic/parity stream,
tables corresponding to different transmission rates of the pand each column refers to a different decimated subsequence
tocol. For RCPC codes, the puncturing tables were selected sotthat data stream. The interleave{s;; };2;*, are taken to
that each successive transmission of parity symbols yielded thee"S-random” permutations [14], as they tend to provide su-
greatest possible increment in the free distance of the new lowerior performance for the short frame sizes typically used in
rate code. For RCPT codes, however, there are other, perhAp) protocols.S-random permutations satisfy a distance con-
more important, criteria. In particular, the subsets of code symiition ensuring that each symbol to be permuted is a dist&nce
bols that have been transmitted at a given stage implicitly deter-more from the previou$ adjacent symbols. Fig. 1(b) illus-
mine the number of SISO decoders that can be employed in tretes an example rate 1/2 constituent RSC encoder of memory
receiver. Indeed, if nonsystematic parity symbols have not beer= 4, and generator matrikl, g,/g.), where the generator
received for two or more RSC encoders, iterative decodingpslynomialsg, andg, have octal representatioi37),.t.; and
not possible. It will be shown that there are situations where(i21)..t.1, respectively.
is profitable, at high coding rates, to puncture some of the sys-The RCPT puncturing rule amounts to sending collections
tematic code symbols so that more nonsystematic symbols nmdiyone or more subblocks of the turbo encoded data, such that
be sent, and thus utilize more or all of the SISO decoders reai-leastP” subblocks are sent in the initial transmission and no
dent in the receiver. subblock is senttwice. The code construction allows for a family

In Section Il, we present an overview of the RCPT-ARQ@f codes of rates
system, and in Section lll, we conduct an analysis of system P
performance. Section IV contains numerical results and, finally, Ry=—"——,
in Section V can be found the conclusions. P+t

0=0,1,---, (M —1)P. 1)

For each value of, we define a binary// x P puncturing ma-
Il. FEC/ARQ SrsTEM OVERVIEW trix a(f). If a;;(¢) = 1, then thejth subblock of theth sys-
tematic/parity stream belongs to the subcode of FateThere-
) ) ) __fore, based on the above restrictioa)) must containP ones,

We assume coherent binary _S|gnalllng over an add|t|_\£l ¢4 1) must have ones in the same positions as(#) plus an
white Gaussian channel at a given symbol signal-to-noiggiional one, and, finally((M —1).P) is a matrix of all ones.
ratio (SNR) £ /No, where E; is the energy-per-symbol andReferring back to Fig. 1(a), if we select a code of titewe can
No Is the one-sided power spectral density of the noise. Weerjay the puncturing matria(#) over the depicted matrix of
may, therefore, characterize the output of the channel, at 8yt for each 1 in the puncturing matrix, the corresponding sub-
given time, asy = x + n, whereze{+1, —1} andn is @ pock of data is selected and considered part of the codeword.
zero-mean Gaussian random variable with standard deviatioryg 4, example, suppose we construct an RCPT code with
o = \/No/2E,. We, furthermore, assume an errorless, l0W; _ 3 and P — 4. formed from two rate 1/2 constituent RSC
capacity feedback channel over which the receiving system 3., gers. Then, the RCPT code can select any code rate in
transmit positive (ACK) or negative (NAK) acknowledgmentsy, set{1, (4/5), (2/3), (4/7), (1/2), (4/9), (2/5), (4/11),
(1/3)}, by selecting, respectively, 4, 5,-, 12 subblocks
B. RCPT Codes of encoded data. The set of puncturing matrices could, for

The binary data source is encoded into blocks in accordareeample, take the form
with a low redundancyN, K) block error detection code. This

A. Channel Assumptions

encoded data source is input to the RCPT encoder which: 1) 2(0) a(1) a(2) a(8)
turbo encodes the data sequence and 2) partitions the resulting 1111 1111 1111 1111
code symbols for each systematic/parity stream into subblocks 0000 0010 0010 | --- | 1111
of size(N/P), whereP is the so-called puncturing period. In 0000 0000 1000 1111

Fig. 1(a), an example RCPT encoder is formed from an under-

lying ratel /M turbo encoder, consisting 8f —1 rate1/2 con- Note that, for this example, all four subblocks of systematic bits
stituent RSC encoders. Note that the composite encoder car(finst row) are sent in the first packpt(0)], the third subblock of
general, be formed by using a fewer number of lower rate RSk first encoder’s nonsystematic parity bits is sent in the second
encoders, and that the constituent RSC code rates need napdeket[a(1)], and the first subblock of the second encoder’s
equal. For example, i}/ = 4, then one could use either threenonsystematic parity bits is sent in the third padk¢2)]. Note

rate 1/2 RSC encoders, or one rate 1/3 and one rate 1/2 Rf@at after the first packet is received, one can attempt to de-
encoder. It is seen in the figure that the systematic bits of albde the information bits based on the cyclic redundancy check
but the first encoder are discarded and that the resulting sin@RC) alone, and after the second packet, one can attempt to
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Fig. 1. Example RCPT-ARQ encoder implementation. (a) Example RCPT encoder. (b) Example RSC encoder.

use the SISO decoder for the first constituent encoder to decode3) Initialize ¢ (e.g., se¥ = 1).
the data. It is only after the third packet that the receiver can 4) Transmit the subblocks as indicateddfy) (that have not
invoke the iterative turbo decoder. In implementation, one need  yet been transmitted).

not utilize all possible code rates. Indeed, for ARQ applications 5) Attempt to decode the rat@, code using the code sym-

with large channel variations, an exponential increageriray bols received thus farjnserting erasures for those sym-
be desirable (e.9, = 1, 2, 4, 8, ---) [2]. It should be clear at bols not yet received. Within the iterative decoding loop
this point that the transmission packet size will, in general, be  after each iterative update:

variable.

a) Hard quantize the cumulative vector of likelihood
ratios on the information sequence.

C. RCPT-ARQ Protocol b) Calculate the syndrome of tjé7, K) error detec-

We assume, without loss of generality, a selective-repeat tion codeword.
ARQ strategy due to its bandwidth efficiency, noting that c) Ifthereis an all-zero syndrome, exit the loop, output
the RCPT-ARQ protocol can be trivially adapted to either the K decoded information digits, and send an

stop-and-wait or go-back- schemes. Furthermore, we do not
consider the effects of finite memory or unreliable feedback on
the performance of the system.

The RCPT-ARQ protocol performs the following steps.

1) Encode K information digits in accordance with an
(N, K) block error detection code.
2) Input the N bit coded information block into the rate INote that in the absence of received parity from two or more encoders, one

1/M RCPT encoder. Store the resultiM systematic can optionally invoke the constituent SISO decoder on an individual basis, or
check the CRC based on the received systematic bits alone. If a zero-syndrome

and parity Streams at the transmitt_er' pOSSib.Iy i_n a MK the embedded CRC can be obtained in this manner, then the overhead and
as depicted in Fig. 1(a), for potential transmission. delay of iterative decoding can be avoided.

ACK to the transmitter. Otherwise, continue the de-
coding loop until a prescribed maximum number
of iterations, upon which, if the syndrome is still
nonzero, exit the loop, and send a NAK to the trans-
mitter.
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6) At the transmitter, if an ACK is received, reset the pro-
tocol and proceed to step 1). 091 Rate1/3

7) Otherwise, if a NAK is received, incremefito the next RCPT Codes

appropriate value and proceed to step 4). 081 N=1023

If decoding is not successful after the transmission of all suk 0.7

blocks of code symbols [i.e{,= (M — 1)P andR, = 1/M], 06
then there are several system design options. The simplest ¢

tion is to give up and accept a given bit- or frame-error rate upoé 05

failure at the lowest code rate. Alternatively, we could allow ¢4 |

the protocol to reset, commencing with step 3). The receive

in turn, may optionally reset its receive buffers, or, ideally, re- 03 e Casel

tain the previously received quantities and employ code con 02| TR Casez
bining [5] to merge the data. When combining, packets shoul BPSK Capacity

be weighted according to their relative reliability [5], [15]. Other T Cotoff Rate
options might include retransmission of only systematic datz 0“_’100 R oo 7 00

or only nonsystematic data since these two data types play d Es/No (dB)
ferent roles in the decoder; these last options are not, however,

i ; _ ig4 2. Throughput of two RCPT-ARQ codes over the Gaussian channel.
trgated in this paper. Note that steps 5a) 50) can be perfor esP = 8, AT — 3.1 = 4, N = 1023, K = 993, andS = 20 (S is the
directly on the received values corresponding to the systemajigandom interleaver constraint).
code symbols (assuming all systematic symbols have been

received), and potentially avoid the overhead of the iterative de- ,
coding process (if the SNR is high enough). tﬁroughput to evaluate the efficacy of RCPT-ARQ systems and

refer the reader to the above references for a more thorough
I ANALYSIS analytic treatment of ARQ system throughput.

In this section, we consider the throughput performance of 81 Preliminary Results
RCPT-ARQ system with a given encoder and set of puncturingI
tables. We then briefly discuss the average distance spectru
a turbo code and how the distance spectrum can be applie
the search for optimal puncturing tables.

pitially, experiments were conducted to determine the sen-
ig/ity of throughput performance to different puncturing pat-
erns. As asserted in the Introduction, it is necessary that at least
some nonsystematic parity symbols be transmitted to the re-
ceiver in order for iterative turbo decoding to be possible. In
i . i general, puncturingystematiccode symbols of a turbo code
Let a frame denote the binary vector &f digits which are |44 to a greater performance loss than when puncturing non-
produced by the decoder. We use the average throughput o stematic code symbols. In fact, there are no examples in the
as t_he primary figure of merit for the RCPT-ARQ system. Corrfl'terature, known to the authors, in which puncturing of the sys-
bining the rate of the block error detection code and (1), YWematic symbols of a turbo code is advocated. We, nevertheless,

A. Throughput Analysis

have considered this option. Given a turbo encoder and a fixed punc-
Rew — 5 ' P @ turing periodP, we considered the following puncturing strate-
NTN Prlay gies.

Case 1: In the initial transmissio (= 0), transmit all

P subblocks of systematic code symbols and rely
on the embedded error detection code to identify
error-free information blocks. If errors are detected

where /.,y is the average number of additionally transmitted
subblocks. We assume that the number of parity bits X,
used in the error detecting code, is sufficient to guarantee a neg-
ligible probability of undetected frame erréy, (E).

For incremental redundancy hybrid-ARQ systems, one can at the receiver, then a transmission of two subblocks
derive a closed-form solution foRy which, in this case, of nonsystematic code symbols< 2) would be re-
amounts to determiningay. For each code rat&, used in quired based on the above constraint.
the ARQ protocol, if one can determine the probability of a Case 2: In the initial transmissio# & 1), transmit?” — 1
frame error, then the collection of these probabilities at a given subblocks of systematic code symbols and two sub-
SNR can be used to determidgy, and thus,Rav [2], [4], blocks of nonsystematic code symbols (from distinct
[16]. However, determining such probabilities analytically for constituent encoders). In this case, if errors are de-
turbo codes is intractable. Moreover, upper bounds on such tected atthe receiver, a transmission of the remaining
probabilities are known to be weak, especially at rates above subblock of systematic code symbofs=£ 2) would
the cutoff rate [17]. While the authors applied such bounds to transpire.

the probability of a frame error in an attempt to lower bound theuncturing more than one systematic subblock in the initial
throughput of an RCPT-ARQ system, such bounds were fouinsmission was also considered and was determined to
to be extremely weak [16]. We therefore rely on simulatege inferior [16] to option 2. For Case 1, we may transmit

2f tail-bits are transmitted for one or more of the constituent encoders, tR ratesk,, with £ = 0, 2, 3, 4, T and for Case _2’ W_ith
average throughput will be reduced accordingly. {=1,2,3,4,--.. These two options are compared in Fig. 2.
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In this figure, we plot simulated throughput, which is definedutput-weight refers to the overall Hamming weight of the error
as the average code rate required for error-free informatiegent. One may calculate the so-callieghut—output weight
transmission. We used an RCPT encoder made up of teumerating functiolOWEF) of a turbo code which indi-
RSC encoders, as depicted in Fig. 1(b) with= 1023 and cates the average number of error events of a given input and

P =8, and show throughput for two selections of puncoutput weight. From the IOWEF, one can derive thesrage
turing tables. For Case 1, we transmit at rafés = 8/8, wejght enumerator§AWE's) of the turbo code. The AWE in-
Ry = 8/10, ---, whereas for Case 2, we transmit at rategjcates the average number of error events of a given output

R; =8/9, Ry = 8/10, ---, where it is noted that the effective

throughputs are slightly less due to the transmission of errf,% the set of nonzero AWE’s. Lastly, we defiagerage free

detection pavity symbols and encoder tail-bits. The speci istanceof the code to be the minimum output weight with a

puncturing tables used in this experiment can be found N 7ero AWE.

[16]. For these results, we allowed the protocol to repeat thre . . . :
additional times and used code combining to merge repeate hile the ADS is most often used in the evaluation of perfor-

data. A (1023,993) binary BCH code was used to performance_ bounds, it was also found to be_very usefulin the se_arch
error detection. for optimum .punctu.nng patterns for a given encoder, block size,
It is immediately seen that by puncturing a small percenta§8d Puncturing period.
of the systematic code symbols (Case 2), one is able to ) ]
sustain higher throughput at the lower SNR’s of interedp: OPtimal Puncturing
Furthermore, we note that the RCPT-ARQ codes exhibit theGiven a ratel /M turbo encoder of block siz& and a se-
exceptional performance of turbo codes at very low SNR'&cted puncturing perio# (we assumeéV to be an integer mul-
noting that the simulated throughput exceeds the cutoff ratgle of P), we would like to devise a scheme for selecting op-
[18] for SNR below 1 (dB) and provides essentially “error-freetimal puncturing tables; that is, puncturing tables which maxi-
communication at 1-2 (dB) from the binary-input continuousnize the system throughput.
output additive white Gaussian noise Shannon capacity. It isAttempts to identify the optimal puncturing pattern for a
interesting to note that punctured turbo codes can sustain sgéfen code rate using computer simulations proved to be
performance at rates higher than 1/2. both time consuming and potentially flawed because they
In subsequent sections, we investigate the search for optimeduired the selection of a random interleaver. In simple
puncturing tables, given a specific encoder and puncturifgms, if one candidate puncturing pattern outperformed an-
period. We use these preliminary results to simplify the searether, there was no way to determine if this was due to the
by imposing the following restriction. For the highest rdig, relative distance spectra of the two punctured codes, or due
we always puncture one systematic subblock of code symbaisthe compatibility of the interleaver with one of the candi-
and include two subblocks of nonsystematic code symbalates. In some sense, the selection of the interleaver(s) adds
from distinct constituent encoders. For the next highest rai@ additional dimension to the search for optimal puncturing
Ry, we always include the previously punctured subblock @hbles, rendering an already time-consuming task even more
systematic code symbols. With these restrictions imposed, #® This provided the motivation to consider the use of the
search is otherwise free to consider any puncturing pattesbS to aid in the search for optimal puncturing tables.
with the goal of maximizing overall throughput. Since the ADS, from the previous section, averages out the
effect of the interleaver on the performance of the code,
the average distance spectra for two candidate codes can be
Traditional techniques for bounding the performance of consed to designate the better code.
volutional codes [19] quickly become intractable, when applied Given two alternative puncturing patterns and their cor-
to turbo codes, for sufficiently large block sizes, due to theesponding average distance spectra, we considered several
innumerable state mappings introduced by the random interiteria for selecting the “better” candidate. One obvious
leaver. Weaker transfer function bounds have been developeitierion is selecting the candidate with the maximum av-
for turbo codes [17], [20], which average out the effect afrage free distance (or the minimum AWE, if there is a
the interleaver on the bound. This is accomplished usingtia). Call this thefree-distancecriterion. We also considered
so-calleduniform interleaver, an artificial construct that mapsghe effective free-distancf1] criterion which uses the dis-
a given input sequence int@ll possiblepermutations of the tance spectra due to input-weight 2 error events in the same
sequence with equal probability. This technique yieldssan manner as the previous criterion. Lastly, we considered a
erageupper bound on turbo code error probability; i.e., it igriterion which we dub théADS slopecriterion. In this case,
possible to have error rates greater than the upper bound whenfit a regression line to the first 30, or so, terms of the
using particularly “bad” interleavers. Moreover, the bound caDS. The slope coefficient of this fitted line represents a
be weak when compared to error rates of turbo codes usimgasure of the rate of growth of the AWE’s as output dis-
“good” interleavers. tanced increases. For this criterion, we select the candidate
If one considers an arbitrary turbo decoder error eventjth the minimum slope. The first two criteria should select
the input-weight refers to the number of bit errors and the family of punctured codes which perform well at “high”

weight. Then, theveragedistance spectrurfADS) is defined

C. Turbo Aveage Distance Spectrum
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TABLE |
PUNCTURING TABLES (IN OCTAL) FOR ENCODERA

953

RCPT CODE: M=3 and P=4

BlockSize

4/5

2/3

a7

Punctured Code Rate

1/2

4/9

2/5

4/11

1/3

N=256

16
02
02

17
02
02

17
12
02

17
12
12

17
16
12

17
16
16

17
17
16

17
17
17

N=512

16
02
02

17
02
02

17
12
02

17
12
12

17
16
12

17
16
16

17
17
16

17
17
17

16

N=1024 | 02

02

17
02
02

17
12
02

17
12
12

17
16
12

17
16
16

17
17
<16

17
17
17

16

N=4096 | 02

02

17
02
02

17
12
02

17
12
12

17
16
12

17
16
16

17
17
16

17
17
17

RCPT CODE: M=3 and P=8

BlockSize | 8/9

4/5

8/11

2/3

8/13

4/7

Punctured Code Rate

8/15

1/2

8/17

4/9

8/19

2/5

8/21

4/11

8/23

1/3

376
001
001

N=256

377
001
001

377
003
001

377
003
003

377
007
003

377
007
007

377
007
017

377
027
017

377
037
017

377
037
037

377
137
037

377
137
137

377
177
137

377
177
177

377
377
177

377
377
377

376
002
002

N=512

377
002
002

377
002
006

377
006
006

377
016
006

377
016
016

377
016
036

377
056
036

377
076
036

377
076
037

377
076
137

377
176
137

377
177
137

377
177
177

377
377
177

377
377
377

376
002
002

N=1024

377
002
002

377
006
002

377
006
006

377
016
006

377
016
016

377
016
036

377
056
036

377
076
036

377
076
037

377
076
137

377
176
137

377
177
137

377
177
177

377
377
177

377
377
377

376
002
004

N=4096

377
002
004

377
006
004

377
006
014

377
016
014

377
016
034

377
016
074

377
056
074

377
076
074

377
076
174

377
276
174

377
276
374

377
376
374

377
376
376

377
377
376

377
377
377

SNR, since the minimum weight error events dominate parapunctured code and work backward, successively punc-

formance at high SNR. We would expect that thBS slope turing more subblocks.
criterion will yield a family of subcodes that perform better 1) |nitialize the rate selectof = (M — 1)P and punc-
turing tablea((M — 1)P) to a matrix of all ones (i.e.,

at lower SNR where higher distance error events have a

nontrivial contribution to error performance. It turns out, as

will be shown in subsequent sections, that thBS slope
criterion is superior for ARQ applications. Th&DS slope
criterion yields subcodes which have higher (poorer) error 3)

floors, but have better performance at lower SNR. Within

the ARQ protocol, these subcodes tend to be employed at

their respective low SNR values (see [16]). It may be that

for other applications, such as UEP, other selection criteria
result in a better set of RCPT puncturing tables (it depends 4)
whether you plan to be on the steep part of the error rate

curve, or the flat error floor portion of the curve). Herein,
we use the term “optimal puncturing” to mean optimal sub-

ject to the ADS slopecriterion.

of varied block size and puncturing periods of 4 and 8.

Given these fixed parameters, the search for optimal punc-
turing tables proceeds as follows, where we begin with the

2)

5)

6)
In this investigation, we consider several turbo encoders 7)

no punctures).

Decrement/ by 1 (to get to the next highest code
rate).

Form a set of all possible candidate puncturing tables,

{a(£)}, which are obtained by taking the matrix? +

1), locating a distinct 1 and setting the 1 to 0. For

a given value of¢, there will be preciselyy — P + 1
candidate puncturing tables.

straints outlined in Section IlI-B.

late the ADS.

Fit a line to the leading terms of the ADS.

Select the candidate which has the minimum slope
as computed in step 6). If there a tie, select the
candidate with the larger average free distance (or
minimum AWE, if there is a tie).

Eliminate any candidates that fail to satisfy the con-

For each surviving candidate puncturing table, calcu-
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TABLE I
PUNCTURING TABLES (IN OCTAL) FOR ENCODER B

RCPT CODE: M=3 and P=4

Punctured Code Rate
BlockSize |4/5|2/314/7|1/214/9]2/514/11|1/3

16 |17 |17 {17 | 17 | 17 | 17 | 17
N=256 [01|01|05]|05]| 15| 15| 17 | 17
01 ;0101|0505 ] 15| 15 | 17

16 | 17 | 17 | 17 [ 7 | 17 | 17 | 17
N=512 (o1 |0t | 05]05 | 15|15 ) 17 | 17
01 (01 |01]05(05(15] 15 | 17

16 | 17 | 17 | 17 | 17 | 17 | 17 | 17
N=1024 (01} 01 (05|05 {15 15| 17 | 17
01701010505 15| 15 | 17

6|17l |w ||| 7 |17

N=4096 [ 01 |01 (05| 05| 15 | 15| 17 | 17
01 (01 |01}05}05(15 | 15 [ 17

RCPT CODE: M=3 and P=8

Punctured Code Rate
BlockSize | 8/9 | 4/5 | 8/11 | 2/3 | 8/13 | 477 |8/15| 1/2 | 8/17 | 4/9 | 8/19 | 2/5| 8/21 | 4/11 | 8/23 | 1/3

376 | 377 | 377 | 377 | 377 | 377 377 | 377 | 377 | 377 | 377 {377 | 377 | 377 | 377 | 377
N=256 |004[004| 104 (104 104 | 124 125 |125| 125 | 135 335 |335| 375 | 375 | 377 | 377
020|020 020 | 220 224 | 224 | 224 {264 | 265 |265| 265 |275| 275 | 375 | 375 (377

376 | 377 | 377 | 377 | 377 | 377 | 377 {377 | 377 | 377 377 (377|377 | 377 | 377 | 377
N=512 [001/001| 001 | 041 | 051 {051 | 055 | 055 | 055 | 155| 155 | 175| 375 | 375 | 377 | 377
001{001{ 041 | 041 | 041 | 045 045 ;245 265 |265| 275 |275| 275 | 375 | 375 | 377

376 (377 | 377 | 377} 377 | 377 | 377 |377 | 377 | 377} 377 {377 | 377 | 377 | 377 | 377
N=1024 | 020|020 | 024 | 024 | 224 | 224 264 264 | 265 | 265 265 |[275| 375 | 375 | 377 | 377
020020 020 | 024 | 024 [224 | 224 [264 | 264 (274 374 (374 | 374 | 375 | 375 | 377
376 | 377 | 377 | 377 | 377 | 377 | 377 {377 377 | 377 | 377 (377 | 377 | 377 | 377 | 377

N=4096 | 020|020 | 024 | 024 | 224 | 224 | 264 264 | 274 | 274 | 374 | 374 | 375 | 375 | 377 | 377
0201020 020 | 024 024 | 224 | 224 (264 | 264 | 274 274 (374 | 374 | 375 | 375 | 377

8) Designate the puncturing table selected from the pngresence of an interleaver. For these codes, we considered
vious step asa(f). puncturing periods of 4 and 8, and block sizes of 256, 512,
9) If ¢ > 1, proceed to step 2). If = 1, the search is 1024, and 4096.
complete. The results of the search are presented in Tables I-IV. The top
row of each table indicates the achievable code rates given by
E. Optimal RCPT Codes (1), foré =1, ---, P(M — 1). The next four sets oM rows
_ ) _ i are the puncturing tables (in octal). For a given block size and
We exammed_several candidate turbq codes usiagd (_|.e., code rate, the puncturing table represents a bindry. P ma-
16 states) constituent encoders. In particular, we considered i \\hile the AWE’s for each block size and punctured code

following encoders. rate were generated, due to space limitations, we were unable

Encoder A:  Rate 1/3; generators(1, 21/37)octat +  to provide them in this paper. They are, however, presented in
(21/37)octal- detail in [16].

Encoder B: Rate 1/3; generators(l, 23/35)octal + From these tables, we made four general observations and
(23/35)octal. conclusions. Firstly, for a given encoder and puncturing period,

Encoder C:  Rate 1/3; generators(l, 33/31)octat +  the resulting optimal puncturing tables are not necessarily the
(33/31)octal- same for different block sizes; it turns out that the puncturing

Encoder D:  Rate 1/4; generators(1, 33/31)octat + tables are all the same (for the four block sizes considered)
(33/3L)octar + (33/31)octal- only for encoders A, B, and C witl? = 4. Secondly, for a

Encoder A was proposed in [6], encoder B was suggestedginen encoder and puncturing period,/dsncreases, the ADS
[22], and encoder C was presented in [23]. Encoder D isgets better and better (i.e., better free distances and smaller
trivial extension of encoder C to obtain a parent code ratmumerators at equivalent distances). This improvement is
of 1/4. The plus sign between code generators indicates tttributable to the so-called interleaver gain of turbo codes
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TABLE 1lI
PUNCTURING TABLES (IN OCTAL) FOR ENCODERC

RCPT CODE: M=3 and P=4

Punctured Code Rate
BlockSize [4/512/3|4/7(1/214/9|2/5]4/11]1/3

16 | 17 | 17 (17 | 17 | 17 | 17 | 17
N=256 | 0202|1212 |13 (13| 17 | 17
02102021212 ] 13} 13 |17

16 | 17 (17 | 17 | 17 | 17 [ 17 | 17
N=512 {02 |02 |12 |12 | 13|13 ] 17 |17
020202} 12 |12 13| 13 | 17

16 | 17 (17 { 17 | 17 | 17 | 17 | 17
N=1024 |02 (02 | 12 |12 | 13| 13| 17 | 17
02 702}102]1212}13 ] 13 | 17

16 |17 {17 | 17 | 17 | 17 | 17 | 17

N=4096 | 02 | 02 | 12 | 12 | 13 | 13 17 {17
0210210212112 13 13 | 17

RCPT CODE: M=3 and P=8

Punctured Code Rate
BlockSize | 8/9|4/5|8/112/3|8/13|4/7|8/15 | 1/2 {8/17 | 4/9|8/19|2/5|8/21|4/11|8/23 |1/3

376 | 377 | 377 | 377 | 377 | 377 377 {377 | 377 |377| 377 377} 377 | 377 | 377 | 377
N=256 |001|001| 011 {011] 013 |013| 213 {213 | 253 |253 | 253 | 353 | 373 | 373 | 377 | 377
001|001 | 001 |011| 011 [013| 013 (113 113 (133 | 173 (173| 173 [ 177 | 177 (377

376|377 | 377 | 377 | 377 | 377 | 377 |377| 377 (377 | 377 (377 | 377 | 377 | 377 | 377
N=512 }001]001| 011 [011| 013 |013| 213 |213| 253 {253 | 253 | 353 | 373 | 373 | 377 | 377
001|001 001 |O11| O11 |013| O13 | 113} 113 |133 ) 173 |173| 173 | 177 | 177 | 377

376 (377 | 377 | 377 | 377 | 377 377 |377 | 377 | 377 | 377 (377 | 377 | 377 | 377 | 377
N=1024 | 002|002 | 002 | 042 | 052 | 052 | 252 | 252 | 253 | 253 | 253 | 353 | 373 | 373 | 377 | 377
001|001 011 |011| O11 {051 | 051 [071| O71 (073 | 173 | 173 | 173 | 177 | 177 | 377
376 | 377 | 377 | 3v7 | 377 {377 | 377 (377 377 (377 | 377 | 377 | 377 | 377 | 377 | 377

N=4096 | 002|002 | 042 [ 042 ] 043 | 043 | 043 | 243 | 343 |343| 363 | 363 | 373 | 373 | 377 | 377
002|002 002 | 042 | 042 | 052} 252 | 252 252 (253 | 253 (273 273 | 373 | 373 | 377

[21]. Thirdly, for a given encoder and block size, the ADS for IV. NUMERICAL RESULTS

the larger puncturing period? = &) is almost always better
. . A. RCPT-ARQ System Performance
than the ADS for the smaller puncturing perio# & 4).3 _ ) QSy )

compare these alternatives at the highest coding rates. Finafffious RCPT-ARQ systems and to compare RCPT-ARQ per-

regardless of the block size and puncturing period, it wi@mance with that of several reference systems. For each

concludedpased on the respective encoder ADS coefficienNR, approximately 1information bits were simulated. The

that the codes appear to be presented in ascending ordef gndom interleavers used in the simulations were selected via

performance; i.e., encoder A is the worst and encoder @ad hocsearch procedure [16]. For puncturing period- 4,

is the best [16]. Encoders A, B, and C are of identica@ll possible RCPT rates were used, whereas for puncturing

complexity, whereas encoder D requires the added complexp§iod I = 8, rates corresponding 0= 1, 2, 4,6, 8, ---,

of an additional constituent encoder and decoder. were used. In these simulations, the ARQ protocol terminated
In order to determine the utility of using optimal puncturingUPon reaching the lowest code rate/4/); i.e., no repeti-

we may reverse the logic in step 7) of the search procedure,iéhs of the protocol were allowed. The maximum number

as to produce the worst puncturing tables for a given encodditerations allowed at any given decoding attempt was fixed

and puncturing period. In [16], such a puncturing table was ot 12. The log-MAP algorithm was used for the SISO de-

tained. The numerical results section of this paper will indicaf®ding element. For the results presented in this section, we
the results of the comparison. employed triple-error-correcting systematic extended binary

primitive BCH codes [e.g., a (256, 231) binary BCH code for
3We expect to do better with larger values Bf since we have more N = 256].
d f freedom in how to implement th turing. .
egrees of freedom 1 how fo impiement e punciuring Figs. 3 and 4 compare all four encoders for several block

41t will be shown in Section IV that encoder D, in fact, performs worse . . .
than the other encoders. sizes and puncturing period 8. In general, the throughput of the
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TABLE IV
PUNCTURING TABLES (IN OCTAL) FOR ENCODERD

RCPT CODE: M=3 and P=4

Punctured Code Rate
BlockSize | 4/512/3|4/7{1/2|4/9|2/5|4/11|1/3|4/13|2/7|4/15]|1/4

16 | 17 |17 |17 (17 17 | 17 |17 | 17 [ 17 | 17 | 17
011010103 |03}03] 13 |13} 13 |17{ 17 | 17
N=256 | 01|01 ]01|01}03[03] 03 |13 13 |13 17 |17
00 (00|01 |01}01L])]03] 03 |03 13 |13 ] 13 | 17

6 | 17 |17 |17 |17 (17 | 17 |17 | 17 | 17 | 17 | 17
0101017030303 13 (13| 13 |17} 17 | 17
N=512 (01|01 }01]01]03|[03( 03 |13]| 13 (13| 17 |17
00 {00joO1j01]|01]03 (03 |03 13 |13]| 13 | 17

61717 | 17|17 )17 | 17 | 7 17 } 17 | 17 | 17
01 (01|01|03)03]03( 13 |13} 13 |17 ]| 17 |17
N=1024 |o1 (01|01 |01]03|03}] 03 |13} 13 (13| 17 | 17
00 {00 {0O1L|OLjOL]|O3 | 03 |O0O3]| o7 [O7 ] O7 |17

w617y 171717 (17| 17 [ 17| 17 | 17 | 17 | 17
01(01)01{03§03({03( 03 |13 | 17 |17} 17 | 17
N=4096 | 01 | 01 | 01 |01 03|03 | 07 |O7 | 07 |O7 | 17 | 17
00100010101 }03] 03 03| 03 |13 | 13 |17

RCPT CODE: M=3 and P=8

Punctured Code Rate
BlockSize | 8/9|4/5(8/1112/3 (8/13 | 4/7|8/15|1/2|4/9|2/5|4/11|1/3|4/13|2/7]{4/15|1/4

376 | 377 377 {377 | 377 (377 377 | 377 {377 |377| 377 |377| 377 | 3| 377 377
001001} 001 |011; 011 |011] 011 {051 |071}071; 073 |173| 173 | 373 | 377 | 377
N=256 {001}001( 001 [001| 011 jOL1| 011 |011|051|071| 071 (073 | 173 |373] 373 | 377
000 | 000 | 002 | 002 | 002 | 022 | 023 | 023 | 023|033 ( 133 |133] 173 | 173 | 177 | 377

376 (377 | 377 | 377 | 377 | 377 | 377 | 377|377 {377 | 377 | 377| 377 {377 | 377 | 377
001001} 001 [011{ 011 (011 011 |O51|071|071| 073 |173| 173 | 373 | 377 | 377
N=512 [001[001| 001 | 001 011 {011 011 {011 051|071 071 |073| 173 |373| 373 | 377
000 (000 001 |001( 001 {021} 023 1023023 |033{ 133 | 133 173 (173} 177 377

376 (377 | 377 | 377 | 377 | 377 377 | 377 | 377|377 | 377 | 377 377 | 377} 377 | 377
001|001 | 001 | 021 | 021 (021| 023 | 023 (063|063 | 163 | 173 | 373 | 373 | 377 | 377
IN=1024 | 001 (001 | 001 | 001 021 021 021 | 023|023 ]|063| 063 | 163 | 173 |373| 377 | 377
000 | 000 | 001 (001 | 001 [021 | 021 |021023[027] 067 {067 | 067 | 167 | 167 | 377

376 (377 | 377 | 377 | 377 | 377 | 377 |377| 377|377 | 377 | 377 | 377 | 377 37 (377
001|001} 001 {001 | O11 {011 011 jO11(051)071| 173 | 173} 373 |377| 377 |377
N=4096 (000|000 | 002 | 042 | 042 042 [ 043 | 043 | 047 | 047 | 047 | 057 | 057 | 077 | 377 | 377
001001 | 001 |001; 001 | 005 | 005 (045 045|047 | 047 | 067 | 167 | 167 | 167 | 377

RCPT-ARQ codes surpass the cutoff rate over a wide ranthe frame-error rate (FER) performance of the punctured sub-
of SNR’s. We, initially, note that the throughput is improveatodes of a particular rate (e.g., rate 1/2) between encoders C
for increasing block size. This is due, in part, to the improveshd D, it turns out that encoder D has a much better error floor,
performance of turbo codes as the block size is increasédt encoder C has a slight gain in the waterfall portion of the
and also due to the fact that for larger block sizes, the erlBER curve (the crossover occurs BER~10~%). Within an
detection parity bits and encoder tail-bits represent a smalREPT-ARQ protocol, the punctured subcode gets successfully
percentage of the total number of bits transmitted. It is algmployed, on average, over the range of SNR where encoder
seen that encoders A, B, and C all provide similar throughpGtis superior [16]. We, therefore, come to the conclusion that
efficiency, whereas, surprisingly, the throughput of encoder sing simple two constituent encoders results in the best perfor-
is worse (except at very low SNR). This discrepancy was emance, which is a nice result from a standpoint of minimizing
amined in detail in [16] and is summarized as follows. On omeceiver complexity.

hand, to get to the same punctured rate, the constituents of ert was shown in [16] that the simulated FER is more or less
coder D must be punctured more severely than the constituemtstep function and can be deduced from the throughput curves
of encoder C. However, the addition of a third constituent which reflect a rather steep departure from error-free to error-
encoder D makes for a stronger turbo code. When examinisgturated performance as a function of the SNR.
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0.0 T 0.0 -
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0.0 X
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Fig. 3. Simulated throughput fa¥ = 256 and puncturing period® = 8. Fig. 5. Simulated minimum, maximum, and average throughput for encoder
Codes A, B, C, and DN = 256, K = 231, andS = 11. C, P = 8. Codes encoder QY = 1024, K = 993, andS = 19. lllustrates
the robustness and stability of RCPT codes.

1.0
0.9 RCPT Encoders 1.0
i A,B,CandD
08 N =1024 0.9
" P=8 RCPT Encoder C
0.8 N=1024
0.7 P=4and8 )
0.6 1 0.7
5 05 0.6
—#— Encoder A P
04 | & 051
—a&—Encoder B
0.3 | ——o— Encoder C 04
—a—Encoder D
02 0.3
- BPSK Capacity
0.1 e ClitOff Rate 02
0.0 0.1
-10.0 -5.0 0.0 5.0 10.0
Es/No (dB) 0.0

-10.0 -5.0 5.0 10.0

] ) ) ) Es/l\?éo(dB)
Fig. 4. Simulated throughput fa¥ = 1024 and puncturing perio® = 8.
Codes A, B, C, and DV = 1024, & = 993, andS' = 19. Fig. 6. Simulated average throughput for encodefC= 4, andP = 8.
Codes encoder CY = 1024, K = 993, andS = 19. Demonstrates the

To illustrate the stability and robustness of the RCPT Codégr,oughput gains that can be achieved due to using larger puncturing periods.
we plot, in Fig. 5, the average throughput along with the min-
imum and maximum throughput achieved on any one simulategimbols for a given block [i.ef, = (M — 1) P] without a suc-
transmission. It is apparent that the average throughput is aboessful decode, we consider various alternatives. In the curves
1 dB from the maximum and about 0.6—-3 dB from the minimunshown thus far, we assumed that the protocol simply termi-
The compactness of the minimum and maximum about the aates and accepts a certain amount of frame and/or bit errors
erage suggests that the RCPT-ARQ system is robust. at low SNR [call this case (a)]. Alternatively, we can repeat

Next, for encoder C, we compare different puncturing pe¢he protocol one or more times until a successful decode oc-
riods for N = 1024, as shown in Fig. 6. It is seen that thecurs; here we may reset the receive buffers, discarding previ-
throughput is improved when using a larger puncturing periodusly received information [case (b)], or use code combining
At high SNR, a large improvement is seen due to the fact tH&{ to merge current and previous data [case (c)]. We omit case
for P = 8, the system can support a maximum code rate of 8/®) from consideration as there is negligible gain over case (a).
whereas forP = 4, the maximum code rate is 4/5. In additionfor case (c), we allow the protocol to repeat up to three addi-
for a larger puncturing period, the puncturing rule is allowetional times. We see that with protocol repetition and code com-
more degrees of freedom, yielding better code distance propliring, the throughput curve is cleanly extended to accommo-
ties. At lower SNR’s, the performance is seen to converge fdate lower SNR’s, and the performance remains above the cutoff
the two alternatives. rate at about a decibel or two from the Shannon limit. Thus, it

Finally, in Fig. 7, we examine the effects of different schemeasould appear that protocol repetition and code combining rep-
for protocol repetition. That is, if we transmit all of the codeesent a simple low complexity method of obtaining nontrivial
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Fig. 7. Simulated average throughput for encodePGs 8 with and without  Fig. 8. Throughput comparison between RCPC and RCPT code¥ fer
code combining. Codes encoder &, = 1024, K = 993, andS = 19. 1024.Codes RCPT encoder &, = 1024, K = 993, andS = 19. RCPC rate

Demonstrates the throughput gains that can be achieved due to protdd8l 64-state encoder. Chase rate 1/64 ARQ with code combining. lllustrates the
repetition with code combining. coding gain of RCPT-ARQ systems over established reference systems.

1.0 —

throughput at very low SNR. The alternative to code combinin
would be to use lower rate parent turbo codes, which imply 09| RCPCversus
comparatively significant complexity cost. o8 g‘ipgsg"c"der C
In [16], the worst puncturing patterns for encoderfA= 8, ' P=8
andN = 1024 were derived. It was shown that the coding gain 07
due to using the best over the worst puncturing patterns wi
as much as 0.7 dB at an average throughput of approximate
0.5 bits/T [16]. = 05

04

B. Comparison to the Reference System

—e—RCPT
4 —&—RCPC
—o&— Chase |
BPSK Capacity

. 0.3
As a reference system, we consider the performance of ti

RCPC code of Hagenauer [2], formed from a rate 1/3, 64-sta’ 02

parent convolutional encoder and a block sizeNof= 1024.
.. . 0.1 e Cutoff Rate
In addition, we consider the performance of an uncoded AR! i
protocol [i.e., (re)transmit the uncoded block with error detec 0'010 ; P o 00

. . . . A 0.0
tion parity bits until a successful decode] and use Chase’s coi Es/No (dB)

combining at the receiver. In the latter case, we allow up to o Throughout <on between REPC and RCPT codes |
H . . roughput comparison between an codes 1er
64 transmissions of the data block. Thus, the RCPC code {rf)%l Codes RCPT encoder @] = 256, K = 231, andS = 11. RCPC rate

Chase code may transmit at a worst-case rate of 1/3 and 1/64,64-state encoder. Chase rate 1/64 ARQ with code combining. lllustrates the
respectively. These results are depicted in Fig. 8 and are capring gain of RCPT-ARQ systems over established reference systems. Note

_ . ~ that the RCPT gain is smaller than that shown in the previous figure and that
pared to the RCPT-ARQ system using encoder’Cs 8, and bt performs worse than RCPC at some SNR's.

N = 1024. It is clear that the RCPC technique represents a

ignifi i implisti AR - . ) .
significant improvement over a simplistic uncoded Q protlg]es that of a conventional Viterbi decoder, for tkame

tocol and that the RCPC system closely tracks the computation . ) .
y y P ?nvolutlonal code. Given that we compared a two-constituent

cutoff rate over a wide range of SNR’s. It is also apparent th .

the RCPT system outperfo%ms the RCPC system f%? all SN gsrbo code (each being a 16-state code) to a 64-state convolu-
.__tional code, we may conclude that the RCPT decoder is at most

by as much as 1-2 dB. Now, let us make the same comparison at : . :

a block size ofV = 256, shown in Fig. 9. We see that the RCP wice as complex as the RCPC decoder in terms of arithmetic

system is no longer the outright winner. In this case, there i erations. The memory requirements for the RCPT system

. ; ill likely be higher due to the storage of soft-likelihood and
small range of SNR where the RCPC system is superior, andrl:%tric quantities within the turbo decoder. In addition, we

other SNR’s, the two performance curves are much closer than . .
the performance curves for the larger block size. We therefo"?’é’UId expect a greater decoding delay in the RCPT-ARQ
conclude that RCPT systems will outperform RCPC systiems system
sufficiently large block size

In implementation, the RCPT system will probably be of
greater complexity. In [24], it is claimed that the processing Inthis paper, we introduced a novel application of turbo codes

load in the log-MAP decoder is bounded at no more than foto a hybrid FEC/ARQ system. RCPT codes provide a versatile

V. CONCLUSION
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